Therefore, we say that 7 generates the 3-cyclic number (010212) 3 . Similarly, in base 17, we get If we are flexible about the base b chosen to represent a number, then for every odd prime p we can always pick a b such that 1 p has a maximal period in that base. In other words, every prime generates a b-cyclic number for some base b. How many such bases are there? Is there an easy way to change from one such base to another? Are there b-cyclic numbers for every b? Observe that:
An odd prime p generates a b-cyclic number if and only if b is a primitive root mod p. Therefore, there are infinitely many bases for which the given prime p gives rise to a cyclic number. On the other hand, whether a given b (not a square number) is a primitive root for infinitely many primes is still an open problem (Artin's conjecture). In any case, in the decimal system (b = 10), the numbers 7, 17, 19, 23, 29, etc. are long primes and generate cyclic numbers. However, in the hexadecimal system (b = 16) there are no cyclic numbers at all because a square number is never a primitive root. Now we know that the reason for 7 to generate cyclic numbers in the bases 3, 10, and 17 is because they are primitive roots mod 7. Moreover, we can easily write In the same way, 142857 ← base 10 + 132645 ← key 274e9c ← base 17
In fact, the period of 
Proof. For any i, we may write
Since ( m . Therefore,
The formula for a i follows now by taking the difference.
There is a simple algorithm to change the representation of the fraction 
Proof. By Lemma 1 we know that for i ∈ N,
On the other hand, (b + mt)
The case m = 7 in the bases 3, 10, and 17, was discussed above. A closer look to the proofs of Lemma 1 and Theorem 1 reveals that similar statements hold even if (b, m) = 1. In order to illustrate such a situation we will consider 
Extension of Midy's theorem
In the second part of this note we give an extension of Midy's Theorem (cf. [1] ) which in a simplified version states:
If p is a prime number and the period for 1 p has even length, then the sum of its two halves is a string of 9's.
For example, A proof of this generalization can be found in [2] .
At this point, two natural questions arise:
• What happens in other arithmetic bases?
• What about other partitions of the period?
Our intention in this section is to answer these questions, but first we need the following lemma that will be crucial to prove Theorem 2.
Lemma 2. Let p be an odd prime and let b > 1 be an integer such that (b, p) = 1. Let
If ℓ is a composite number and d is a divisor, then for every i ∈ N, we have
where a j · · · a k denotes the integer with digits a j ,. . . , a k .
Proof. As in the proof of Lemma 1 we have
for every j. In particular,
and (1) follows by taking the difference. 
The main result of this section is the following generalization of Midy's Theorem.
If we split the period in 3 parts, then 0243 + 4053 + 1215 = 5555 noting that the sum must be performed in base 6.
The general case when the divisor d is odd > 3 does not seem to obey any reasonable pattern. Clearly, we always have
for some α d ≥ 1. In fact, as shown in our proof, α d is 1/p times the sum of the dth roots of unity mod p. Surprisingly, α d does not depend on the base b.
We finish this note illustrating some examples for d = 5. We consider In general, 1 ≤ α 5 ≤ 3. As we just saw, every value in that range is possible. Further work on this subject may include finding sharp bounds for α d when d is odd greater then 3.
